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196560 . kissing number $\mathrm{E}_{8}$ Leech
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number -S10ane[4] ). , 4
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25 upper bound Arestov-Babenko[l]
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Hsiang 4 kissing number 24 [9]
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2 Gegenbauer polynomials and Delsarte method
Delsarte method . Delsarte method
.
$\mathbb{R}$ , $\mathbb{R}[x_{1}, x_{2}, \ldots,x_{n}]$ $n$ , $\Delta:=\sum_{i=1}^{n}\frac{\partial^{2}}{\partial x}.F$. Laplacian
. $f\in \mathbb{R}$ [$x_{1},$ $\ldots,$ $x$n] $\Delta f=0$ . .
$H^{(k)}:=$ { $f\in \mathbb{R}[x_{1},$ $\ldots,$ $x_{n}]|$ D $k$ }.
$H^{(k)}$ : $f,$ $g\in H^{(}$k) ,
$<f$ , g>:= $\int$
s -l
$f(w)g(w)d\mu(w)$ .
$S^{n-1}$ $n-1$ , $\mu$ $S^{n-1}$ $\mathrm{O}(n)$- (
$[3],[8]$ ).
2.1( [15]). $H$ $E$ Hilbert .
$(f,g)$ . $E\cross E$ $K$ (x, $y$ )
:
(i) $y$ , $K($ ., $y)\in H$
(ii) $f(x)\in H$ $(f(.), K(., y))=f$ (\emptyset .
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, $\Phi$ $\{e_{i}\}$ ,
$\Phi$ (x, $y$ ) $= \sum_{i}e_{i}(x)e_{i}(y)$
. $H^{(k)}$ Gegenbauer polynomial
.





$c_{0}=N_{k}=\dim H^{(k)},$ $c_{k-j}(k-j)(k-j+n-3)+c_{k-j-2}(j+1)(j+2)=0$ .
$G_{k}^{(n)}$ [-1,1] $(1-t^{2})^{\frac{n-3}{2}}$ . $n=3$
Legendre , $n=4$ 2 Chebyshev .
, .
2.1( [3]). $\Phi_{k}$ $H^{(k)}$ . , $x,$ $y\in S^{n-1}$
:
$\Phi_{k}(x, y)=G_{k}^{(n)}(x\cdot y)$ ,
$x\cdot y$ -
2.1 [3] .
Delsarte method spherical $z$-code .
2.3(spherical $z$ -code). $X$ $S^{n-1}$ , $z\in[-1,1]$
. , $X$ spherical $z$ -code , $x,$ $y\in X,$ $x$ \neq y $x\cdot y\leq z$
.
$z=1/2$ , $x\cdot y\leq z$ $x,$ $y$ 60
, spherical $z$-code kissing number .
Musin Delsarte method Delsarte method
, .
2.1 (Delsarte method [6]). $z\in[-1,1]$ , $X$ $S^{n-1}$ sphe $cal$ z-code
. $a_{0}>0,$ $a_{k}\geq 0$ $(k=1, \ldots, d)$ $f(t)= \sum_{k=0}^{d}a_{k}G_{k}^{(n)}$ $\langle$ 1
:
$f(t)\leq 0(t\in[-1, z])$ (1)
. , $|X|\leq f(1)/a_{0}$ .
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[ ]
$X=\{x1, . . . , x_{M}\}$ spherical $z- \mathrm{c}\mathrm{o}\mathrm{d}\mathrm{e},\{e_{i}\}_{i=1..N_{k}}$. $H^{(k)}$ .
$t_{ij}:=x_{i}\cdot x$j
, $X$ , $\{e_{i}\}_{i=1..N_{k}}$ $T_{k}$ :
$T_{k}:=(\begin{array}{lll}e_{1}(x_{1}) e_{N_{k}}(x_{1})\vdots \ddots \vdots e_{1}(x_{M}) e_{N_{k}}(x_{M})\end{array})$
$\ovalbox{\tt\small REJECT}$ $k$ . $T_{k}$ \ ${}^{t}T_{k}$
$T_{k}^{t}$zr $k=( \sum_{l=1}^{N_{k}}e_{l}(x:)e_{l}(x_{j}))$
(i, $\Phi_{k}$ (x|., $x_{j}$ ) , $\dot{\text{ }}\backslash$
$G_{k}^{(n)}(t_{ij})$ . $T_{k}{}^{t}T_{k}=(G_{k}^{(n)}(t_{1j}.))$ . $\dot{F}\mathrm{I}\mathrm{J}(G_{k}^{(n)}(t_{\dot{\iota}j}))$
. 1 $\mathrm{j}$ $(G_{k}^{(n)}(t_{ij}))$
,
${}^{t}\mathrm{j}(G_{k}^{(n)}(t_{ij})) \mathrm{j}=\sum_{i,j}G_{k}^{(n)}(t_{\dot{\iota}j})\geq 0$ (2)
. $\sum_{:,j}G_{k}^{(n)}(t_{1j}.)$ $a_{k}$
$\sum_{k}a_{k}\sum_{i,j}G_{k}^{(n)}(t_{ij})=\sum_{i_{\dot{d}}}\sum_{k}a_{k}G_{k}^{(n)}(t_{1j}.)=\sum_{i,j}f(t_{1j}.)$ (3)
, (2) $k$ , (3) $k=0$
. $G_{0}^{(n)}=1$ ,
$\sum_{i,j}f(t_{ij})\geq a_{0}M^{2}$ (4)
(1) , $i_{\overline{\Gamma}}\angle j$ $t_{ij}\in[-1, z]$ , (3) $i=j$ $\#.\doteqdot$
. ,
$Mf(1) \geq\sum_{i,j}f(t_{ij})\geq a_{0}M^{2}$ .
. [ ]
3 An extension of Delsarte method
Musin Delsarte method . Delsarte method
$[$ -1, $z]$ , ,
.
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2.1 , $f$ (t)
(1) .
$A=[-1, z]\cup\{1\},$ $A_{+}:=\{t|t\in A, f(t)>0\}$
. ,
$\sum_{i,j}f(t_{ij})\geq a_{0}M^{2}$





. $F_{i}$ (X) .
3.1([12]). $m$ , $Y=\{y0, . . . , y_{m}\}\subset S^{n-1}$ :
$y_{i}\cdot y_{j}\leq z(\forall i, j, i\overline{7}- j\angle)$ , $f(y_{0}\cdot y_{i})>0(1\leq i\leq m)$ (5)
,
$h(Y):=f(1)+f(y_{0}\cdot y_{1})+\cdots+f(y_{0}\cdot y_{m})$ , $h_{m}:=$ $\max$ $h(Y)$ .
$Y\mathrm{I}\mathrm{Z}(5)\ \hslash t.\dagger|Y|=m+1$
. $\mu$ (5) $Y$ $m$ ,
hm $:= \max\{h_{0}, \ldots, h_{\mu}\}$
.
$F_{i}$ (X) hm ,
$a_{0}M^{2} \leq F(X)\leq\sum_{i=1}^{M}F_{i}(X)\leq Mh_{\max}$ .
. Delsarte method .
3.1(An extension of Delsarte method [12]). $z\in[-1,1]$ , $X\subset S^{n-1}$ spher-
ical $z$ -code . $a_{0}>0,$ $a_{k}\geq 0$ $(k=1, \ldots, d)$ { $f(t)= \sum_{k=0}^{d}$ akGr
, |X|\leq hm /a0
1. 3.1 Delsarte method . (1)
, $\mu=0$ , $h_{\max}=h_{0}=f$ (y . 3.1
upper bound 2.1 $\mathrm{A}\backslash$ ,
Delsarte upper bound . $n=3,$ $n$ =4
.
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4 Aclass of $\mathrm{f}$ for an extension of Delsarte method
3.1 $f$ ,hm , $f$
.
$t_{0}<-z\leq 0$ . f&b .
$f(t)\leq 0(t\in[t_{0}, z])$ , $f$ (t) $[$ -1, $t$0 $]$ (6)
$Y=\{y0, y_{1}, \ldots, y_{m}\}\subset S^{n-1}$ (5) , $Y$ ( .
$y_{0}^{*}:=-y0,$ $\phi_{i}:=\arccos$ $(y_{0}^{*}. y_{i}),$ $\phi_{ij}$ $:=\arccos(y\dot{.} . y_{j}),$ $\psi:=\arccos(z),$ $\phi_{0}$ $:=\arccos(-t_{0})$
$Q_{m}:=\{y1, . . . , y_{m}\}$ , $f(t)\leq 0(t\in[t_{0}, z])$ $f$ (y0 $y_{\dot{\iota}}$ ) $>0(1\leq i\leq m)$
, Q $y_{0}^{*}$ $\phi_{0}$ . Q $y_{0}^{*}$
.
$C\subset S^{n-1}$ convex $C$ 2 $x,$ $y(x\overline{\tau}^{\leq}\pm y)$ , $x,$ $y$
arc(x, $y$ ) $C$ .
$S^{n-1}$ $Z$ , $Z$ convex
, Conv(Z) $\Delta_{m}=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{v}(Q_{m})$ .
4.1(optimal). $Y=\{y0, y_{1}, \ldots, y_{m}\}\subset S^{n-1}$ (5) . , $Y$
optimal { , h(Y)=h $Y$ $\phi_{ij}$ $\psi$ $(i,j)$
pair .
2. optimal $Y$ .
h optimal .
optimal .
4.1. $Y=\{y0, y_{1}, \ldots, y_{m}\}\subset S^{n-1}$ optimal .
.
(i) $y_{0}^{*}\in\Delta_{m}$ . $Q_{m}$ $\Delta_{m}$ .
(ii) $m\leq n$ ,\Delta $\psi$ $(m-1)-$ .
(iii) $m>n$ , $Q_{m}$ $\psi$ $n-1$ $Q_{m}$ .
3. 4.1 Musin preprint Lemma 1 , Lemma 1
(ii), (iii) . $\tau_{3}$ $=12,$ $\tau_{4}=24$
.
4.1 (ii), (iii)
(1) $n=3,$ $z=1/2,$ $t_{0}\leq$ -0.5907





4.1 , optimal $Y$ $\Delta_{m}$ , $Y$
h , $\Delta_{m}$ $y_{0}^{*}$ $\Delta_{m}$
$h$ (Y) . $\Delta_{m}=\{y_{1}, \ldots , y_{m}\}$ ,
$\Lambda_{m}(y):=\{y\in\Delta_{m}|y\cdot y_{k}\leq-t0, 1\leq k\leq m\}$
, $\Lambda_{m}$ :




5 How to find $\mu$
3 $\mu$ .
$X=\{x1, . . . , x_{m}\}\subset S^{n-1}$ ,\phi ij $=\arccos$ (xi. $x_{j}$ ), $\varphi(X):=\min\{\phi_{ij}|i_{\overline{7}}\underline{\angle}j\}$
. $M$
$\varphi_{n}$ (M) $:= \max${ $\varphi(X)||$X$|=M,$ $X\subset S^{n-1}$ }
. $\varphi_{n}$(M) . $\varphi_{2}(M)=$
$360^{\mathrm{O}}/M$ , 3 . 3 $M\leq 12$
$M=24$ [7]. , 7 ,




5.1([12]). $Y=\{y0, y_{1}, \ldots, y_{m}\}\subset S^{n-1}$ [ $\phi ij\geq\psi(i\neq j),$ $\phi_{i}\leq\phi \mathrm{o}(1\leq i\leq m)$
. , $\rho(z, \phi_{0})>\varphi_{n-1}$ (M) $m<M$ ,
$n=3,$ $n$ =4 5.1 .
5.1. $n=4,$ $z=1/2,$ $t\circ\leq$ -0.6058 , $\mu\leq 6$ .
5.2. $n=3,$ $z=1/2,$ $t_{0}\leq$ -0.5907 , $\mu\leq 4$ .
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6 $\tau 4=24$ and anew proof for $\tau_{3}=12$




$z=1/2,$ $t_{0}=$ -0.5907 .
$f(t)$ $=$ $\frac{2431}{80}t^{9}-\frac{1287}{20}t^{7}+\frac{18333}{400}t^{5}+\frac{343}{40}t^{4}-\frac{83}{10}t^{3}-\frac{213}{100}t^{2}\frac{1}{10}t-\frac{1}{200}$
$=$ $P_{0}+1.6P_{\mathrm{I}}+3.48P_{2}+\mathrm{I}.65P_{3}+1.96P_{4}+0.1P_{5}+0.32P_{9}$
$P_{k}=G_{k}^{(3)}$ . $f$ (t) $[$-1, $t$0 $]$ , $[t_{0}, z]$
.
5.2 ,m $\leq 4$ $h_{m}$ .
$m=0$ $h_{0}=f(\mathrm{D}=10.11$ .
$m=1$ $f$ $[$-1, $t$0$]$ , $y=y_{1}$ $H_{1}$ (y) .
$h_{1}=f(1)+f(-1)=12.88$ .
$m=2$ $\Delta_{2}$ $\psi$ . , $\psi$ .
$Q_{2}$ , $H_{2}(y)$ $y$ , T
. $h_{2}=f(1)+2f(-\cos(30^{\mathrm{o}}))=12.8749$ .
$m=3$ 4.1 .
$Q_{3}$ , $h_{3}=12.8721$ .
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$m=4$ 4.1 $\Delta_{m}$ , $\alpha$ .
$\mathrm{O}$
, $H_{4}(y)=H_{4}(\alpha, y)$ , $\alpha$ $y$ 3
, $h_{4}=12.4849$ . ,
$h_{\max}= \max\{h_{0}, h_{1}, \ldots, h_{4}\}=h_{1}=$ 12.88
, $a_{0}=1$ , 3.1 $\tau_{3}\leq 12$ . [ ]
6.2. $\tau_{4}=24$
[ ] $z=1/2,$ $t_{0}=$ -0.60794 .
$f(t)$ $=$ $53.76t^{9}-107.52t^{7}+70.56t^{5}+16.384t^{4}-9.832t^{3}-4.128t^{2}-0.43.4t$ -0.016
$=$ $U_{0}+2U1$ $+$ 6.12U$2+$ 3.484U$3+$ 5.12U$4+$ 1.05U9
$\text{ }$ . $U_{k}$ $=G_{k}^{(4)}$ . $f$ (t) $[$–1, $t$0 $]$ , $[t_{0}, z]$
.
5.1 ,m $\leq 6$ T h .
$m\leq n=4$ $\Delta_{m}$ $(m-1)$ , 6.1 $m\leq 3$
$h_{m}$ . $h_{0}=18.774$ , $h_{1}=24.48,$ $h_{2}=24.8644,$ $h_{3}=$
24.8345, $h_{4}=24.8180$ .
$m=5$ 4.1 3 .




, $H_{5}(\emptyset=H_{5}($ \mbox{\boldmath $\alpha$}, $y)$ , $\alpha$ $y$ 4
: $h_{5}=24.6856$ .
$m=6$ 6.1 ,h2 $>h_{6}$ . ,
$h_{\max}= \max\{h_{0}, h_{1}, \ldots, h_{6}\}=h_{2}=$ 24.8644
, $a_{0}=1$ , 3.1 $\tau_{4}\leq 24$ . [ ]
6.1([12]). $h_{6}<h_{2}$ .
[ ] $Y_{6}=\{y0, y_{1}, \ldots, y_{6}\}$ , $h(Y_{6})\geq h_{2}$
. $\phi_{i}:=\arccos(y_{0}^{*}\cdot$ y , $\phi_{1}\leq\phi_{2}\leq\cdots\leq\phi 6$ .
$Y_{5}:=\{y\mathrm{o}, y_{1}, \ldots, y_{5}\}$ ,
$f(-\cos\phi 6)\geq h_{2}-h(Y_{5})\leq h_{2}-h_{5}$
,
$\phi_{6}\leq\alpha_{0}=\arccos(-f^{-1}(0.1788))=48.3787^{\mathrm{o}}$
. , $\forall\phi_{k}\leq\alpha_{0}$ .
,
$\varphi_{3}(6)=90^{\mathrm{o}},$ $\rho(\frac{1}{2},45^{\mathrm{o}})=90^{\mathrm{Q}}$
, 5.1 $\phi_{6}\geq 45^{\mathrm{o}}$ . ,
$h(Y_{6})\leq h(Y_{5})+f(-\cos(45^{\mathrm{o}}))\leq 23.5389+0.4533<h_{2}$










$n,$ $d,$ $z,$ $t_{0},$ $N$ .
$f=1+ \sum_{k=1}^{d}c_{k}G_{k}^{(n)}(t)$
, $c_{k}(1\leq k\leq d)$ . $c_{k}$ , D $[$ -1, $t$0 $]$
, $f(t)\leq 0(t\in[t_{0}, z])$ , $\{c_{k}\}$ :
$c_{k}\leq 0(1\leq k\leq d)$ (7)
$f(a)>f(b)(-1\leq a<b\leq t_{0})$ (8)
$f(t)\leq 0(t_{0}\leq t\leq z)$ (9)
(8), (9) $N$ ,
.
$m\leq n$ $\Delta_{m}$ $(m-1)$ $y_{c}$ .
, y $\triangle_{m}$ $\sqrt{\frac{1+m-1z}{m}}$ , $H_{m}(y_{c})$
$H_{m}(y_{c})=f(1)+mf$
. $F_{0}$ ,
$f(1)+mf$ $\leq F_{0}+f(1)$ (10)
$m=2n-2$ , $\Delta_{m}$ $(n-1)$ regular spherical octahedron ,
y . , $y_{c}$ \Delta $\sqrt{z}$ , $H_{m}(y_{c})$
$H_{m}(y_{c})=f(1)+mf(-\sqrt{z})\leq F_{0}+f(1)$ (11)
$\text{ }$ .
$\{c_{k}\},$ $F\mathrm{Q}$ $(7),(8),$ $(9),$ $(10),$ (n) , $E=1+F_{0}+c_{1}$
$c_{2}+\cdots+c_{d}=F_{0}+f$ (1)
.
6.1, 6.2 hm ,
$E$ $h_{\max}$ , $E$ hm
. 4.1 , $m\leq n$
\Delta . $H_{m}$ (y)
$y$ . $E$ hm
.
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Delsarte method 9 11 kissing number ,
$306\leq\tau_{9}\leq 380$ , $500\leq\tau_{10}\leq 595$
. $n=9,$ $n$ =10
$n=9$ : $\deg f=11,$ $E=$ 367.8619, $to=-0.57$
$n=10$ : $\deg f=11,$ $E=$ 570.5240, $t_{0}=$ -0.586
. $\tau_{9},$ $\tau_{10}$ upper bound
. $n=5,6$ , $7$ .
. $M$ $S^{n-1}$ spherical $z$-code
$\varphi_{n}(M)\geq z$ . $\tau_{3}=12$ $\varphi_{3}(13)<60^{\mathrm{O}}$ .
$z=\cos(59.4^{\mathrm{o}})$ Musin , spherical $z$ -code
. $\varphi_{3}(13)<59.4^{\circ}$ upper bound .
ArestOv-BabenkO[2] $\varphi_{4}(24)<61.41^{\mathrm{o}}$ $\varphi_{4}(24)<60.5^{\circ}$ ,
$\varphi_{4}(25)<60.5^{\mathrm{O}}$ $\varphi_{4}(25)<59.81^{\mathrm{o}}$ . Musin
Fejes $\mathrm{T}6\mathrm{t}\mathrm{h}$ bound Coxeter bound $\mathrm{A}\mathrm{a}$ bound .
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